We construct tachyon lump solutions of bosonic D2-branes on SU(2) group manifolds by level truncation approximation in cubic string field theory, which are regarded as D0-branes. The energies for these solutions show good agreement with the expected values.
Introduction
Tachyon condensation on D-branes has been studied extensively. It is conjectured for bosonic D-branes that the minimum of the tachyon potential represents closed string vacuum [1] , and tachyon lump solutions represent lower dimensional branes [1, 2] .
String field theories are powerful tools for checking these conjectures. In many cases one of the following two types of string field theories has been used : cubic string field theory (CSFT) [3] and boundary string field theory (BSFT) [4] . By level truncation approximation in CSFT we can calculate numerically the value of the potential at the minimum [5, 6] , construct tachyon lump solutions [7] , and confirm the absence of physical excitation on the vacuum [8] . Furthermore, the form of the action around the closed string vacuum (vacuum SFT) is conjectured in [9] and its properties are investigated in [10, 11] . On the other hand, by using BSFT we can get the exact tachyon potential and lump solutions [12] . (For related works and the case of superstring see [13, 14, 15] . For a review see [16] .) At present the relation between these two string field theories is unclear. Therefore it is worth investigating the tachyon condensation by both of them. In this paper we use CSFT and level truncation approximation.
In CSFT it is proven that the tachyon potential can be determined irrelevantly to the choice of closed string background [17] . The crucial point for the proof of this fact is that we can drop all the fields except the unit operator and its descendants. However, for lump solutions we must give nonzero vev to nontrivial primary operators and their descendants, and therefore the results depend on the choice of closed string background. The solutions constructed in [7] are those on flat background.
For further understanding of tachyon condensation, it is desirable to consider lump solutions on curved backgrounds. In this paper we give such an example: lump solutions on SU (2) group manifold. SU(2) group manifold is an example of curved background on which the worldsheet CFT is known exactly i.e. WZW model. This manifold is also known as the example which has the noncommutative structure [18, 19] . The analyses of tachyon condensation by the worldsheet CFT and the effective action is given in [20] D-branes which extend to two dimensions in SU(2) (we call them D2-branes) can be regarded as bound states of D-branes which sit at a point in SU(2) (we call them D0-branes) [21, 19] , and D0-branes are conjectured to be able to vanish into the vacuum by tachyon condensation. Therefore one can imagine the process that some of the D0-branes forming the D2-brane vanish and the other D0-branes remain. Hence it is natural to conjecture that there exist lump solutions on D2-branes which represent some D0-branes.
We construct such lump solutions in CSFT in level [1, 3] , [2, 6] This paper is organized as follows. In section 2, we summarize the properties of D-branes on SU(2) group manifold and the cubic string field theory on it, and explain how to calculate the terms in the action of CSFT. In section 3, we construct lump solutions and compute their energy. Section 4 contains conclusions and discussions.
In the following α ′ is taken to be 1.
D-branes and cubic string field theory on SU(2) group manifolds
In this section we summarize the known results about D-branes of bosonic string theory on SU(2) group manifolds and fix the notations. Then we explain how to calculate the terms in the action of cubic string field theory on these manifolds.
The worldsheet CFT
SU(2) group manifold (≃ S 3 ) can be, for example, parametrized as follows.
x 1 = sin ψ sin θ cos φ, x 2 = sin ψ sin θ sin φ, x 3 = sin ψ cos θ,
where θ, φ and ψ are spherical coordinates of S 3 . Let the radius of S 3 be √ kα ′ = √ k. The worldsheet CFT on SU(2) group manifold, i.e. SU(2) WZW model, has the left moving current J a (z) and the right moving currentJ a (z). Their mode expansions are J a (z) = n z −n−1 J a n and similar one forJ a (z) 
(f abc = ǫ abc for SU(2)) The radius k becomes the level of the SU(2) current algebra. Therefore k is quantized to be positive integer valued. The central charge of this CFT is 3k k+2
. J a 0 form ordinary SU(2) algebra and primary fields belong to the representations of this algebra. We denote the primary field in spin j representation by Φ . We take the diagonal modular invariant as the closed string 1-loop partition function.
When we consider open strings we must impose some boundary condition which relates J a (z) toJ a (z). Henceforth we consider the following condition.
J a (z) =J a (z) on the boundary,
where z is a coordinate of the upper half plane and we take the real axis as the boundary.
Boundary states for this boundary condition are [23, 24] 
where |j is the Ishibashi state constructed on the primary field Φ m j and S j J is the modular transformation matrix:
J takes the values 0, , which is an S 2 parametrized by θ and φ [22, 25] . If J = 0 or k 2 ,the S 2 shrinks to a point (at k → ∞). Thus |J with J = 0, k 2 represent D0-branes and others are D2-branes. The D2-brane with boundary state |J can be regarded as the bound state of (2J + 1) D0-branes [21, 19] .
The spectrum of primary fields on the brane with boundary state |J is Φ m j , j = 0, 1, 2, · · · , min(2J, k − 2J).
Note that j takes only integers. Their OPE is known as follows [26, 18] .
where j 1 , m 1 , j 2 , m 2 |j 1 , j 2 , j 3 , m 3 is the Clebsch-Gordan coefficient, and c
is written by quantum 6-j symbol and given in the appendix A. Three point correlation functions are
and
The definition of [2j 3 + 1] is given in the appendix A. C m 1 m 2 m 3 j 1 j 2 j 3 is symmetric under cyclic permutations of (1,2,3), as should be for the three point functions, and satisfies the following relations.
Cubic string field theory on SU(2)
Next we explain the cubic string field theory and how to calculate the terms in the action.
We will consider the following background.
where X is the time direction which is taken to be flat, and Y is a spatial direction, which is also taken to be flat, and the boundary condition for open strings along this direction is taken to be Dirichlet. M is an arbitrary background with the central charge 24 − 3k k+2
, appropriate for cancelling the total central charge. We denote the Virasoro operator of the matter part of
and L ′ n respectively, and the central charge of
The action for string field Ψ on general CFT background is constructed in [27] :
We follow the notation of [28] . Q B is the BRST charge:
Thanks to the presence of Y we can relate g o to the mass of D-brane M [17]:
We can calculate M by computing the cylinder amplitude and factorizing the contribution of gravitons, or computing the disk partition function [19, 21] . The mass M J of the brane represented by the boundary state |J is
The proportionality coefficient is determined from the information of M. We do not have to know it for our purpose.
The string field Ψ can be expanded by primary operators and their descendants. We do not have to consider all of them for seeking lump solutions on D-branes which depends only on the SU(2) directions. The components which we have to consider are those made by acting with the oscillators
on |j, m , where |j, m = Φ m j (0)c 1 |0 and |0 is the SL(2,R) invariant vacuum. It can be easily shown that the set of the other components do not have linear terms in the action and therefore their equations of motion are satisfied if they vanish. Hence they can be taken to be zero from beginning. Then Ψ can be expanded as follows. 
Here the repeated indices are summed over. The terms containing c 0 are removed if we take the Siegel gauge b 0 Φ = 0. |j, m and its descendants correspond to the spherical harmonic Y m j [19, 25] .
, we impose the following reality conditions.
Additional sign factor is needed for v We can reduce the number of components further. The components with the eigenvalues of J 3 0 = 0 has no linear terms because of global SU(2) symmetry generated by J a 0 . Therefore we can satisfy the equations of motion by putting them to be zero. We consider only the components with J 3 0 = 0. Then we can restrict the components in (20) in the following form.
where η j = 1 (for j = even), i (for j = odd) and U ma is the following matrix which convert the standard spin 1 index m to the adjoint index a.
The reality condition for these components are determined from (21) . All of them are real.
i.e.
Now let us explain the calculation of the quadratic terms in the action. First, we get 2-point functions of two SU(2) primary operators by putting j 2 = m 2 = 0 in eq.(10) (
The BPZ conjugation of J
]. Using this and the commutation relation (3), 2-point functions of descendants can be reduced to those of primaries.
, where G i are ghost parts, and φ i are SU(2) parts.
Since dz 2πi
: c(z)T (gh) (z) : does not change descendant level and φ 1 |φ 2 is nonzero only when φ 1 and φ 2 have the same descendant level, the second term of (26) 
where N i are the descendant level of Ψ i . Then the first term of (26) is equal to
This is nonzero only when Ψ 1 and Ψ 2 have the same total descendant level. Thus we can reduce the number of terms needed to calculate. Remaining terms can be calculated by using
n , J a n , c n and b n .
(26) becomes particularly simple when |G 1 and |G 2 do not contain c 0 i.e. Ψ 1 and Ψ 2 satisfy the Siegel gauge condition:
where h is the dimension of Ψ 1 .
Next we explain how to calculate the cubic terms in the action. We adopt the method given in [28] . Let K be an operator and v(z) a function which transforms as
) under the conformal transformation f . One can think of K as T , j(ghost number current), b, c, J a (WZW current) and so on.
g(f (z), z) represents anomaly in the case of K = T or j. We take g(f (z), z) to be zero if K is Grassmann odd, and assume v(z) to be regular at infinity. Then the conservation law for K is (for the notation see [28] )
The representation of this law by oscillators is
where
We take
(n ∈ Z), and from the explicit
2 and z k 3 respectively. We suppose A(v) = 0 if l + h = even. This is satisfied in the case of K = T or j. Then we can use the relation
in the 3-point function, where δ l+h,odd = 1(for l + h odd), = 0(for l + h even or noninteger). If we take l ≥ (>)1 − h and k > (≥)h − 1, mode numbers of K which appear in the right hand side of (35) are greater than that of the left hand side. Hence by using (35) iteratively, 3-point functions of descendants can be reduced to those of primaries, which are given in the SU (2) case as follows.
where 
We can regard this relation as the result of worldsheet parity symmetry, and this can also be proven directly as follows by applying the above procedure. We use the induction on the descendant level of φ 1,2,3 :
Here we used the assumption of the induction and A(v) = 0 when g K (Grasmann parity of K) = 1. In addition, by using the cyclic symmetry,
Hence we conclude that (37) is valid by induction. We can use (37) and the cyclic symmetry to reduce the number of terms in the action necessary for our calculation. In the SU(2) case,
j i , as can be seen from (13) .
As an example, let us calculate
by using the eq.(4.18) of [28] for
In the last line we suppressed the indices m and denote T a (j i ) by T a i . At first sight this result does not satisfy the relation (37). However we can rewrite it to an explicitly symmetric form by using the Ward identity
We collect the results of the calculation of cubic terms in appendix B and the terms in the action necessary for our calculation are in appendix C.
Lump Solutions
In this section we construct lump solutions and compare their energies with the expected values. We denote by [N,M] the truncation that we consider only fields with the level (i.e. conformal dimension+1) < N and retain only the terms with the sum of the levels < M.
The D2-brane corresponding to the boundary state |J can be regarded as the bound state of (2J + 1) D0-branes [21, 19] , and D0-branes are conjectured to be able to vanish into the vacuum by tachyon condensation. Therefore one can imagine the process that some of the D0-branes forming the D2-brane vanish and the other D0-branes remain. Hence it is natural to conjecture that there exist lump solutions on D2-branes which represent n D0-branes (n < 2J + 1). The energy V (T ) of a classical configuration T is minus the action:
For the solution T vac corresponding to the vacuum, it is conjectured that f (T vac ) = −1. It can be expected that there exist the solutions T n representing n D0-branes (in this sense T vac = T 0 ) and the difference between V (T n ) and V (T vac ) is equal to nM 0 :
Hence,
We denote f and
, and define
as follows.
is a function of k. We will calculate R Note that the configuration given by SU(2) transformation (generated by J a 0 ) of a solution is also a solution. For lump solutions, these degrees of freedom correspond to the positions of D0-branes.
We will consider the cases with small J. If J = 0 (i.e. D0-brane) there are no nontrivial primary operators and it is impossible to construct lump solution.
Then we will consider the following two cases.
In the first case, primary operators on the D2-brane are Φ . This case corresponds to the bound state of 2 D0-branes and we expect the existence of the solution T 1 .
In the second case, primary operators are Φ . This case corresponds to the bound state of 3 D0-branes and we expect the existence of the solutions T 1 and T 2 . We calculate the action in level [1, 3] , [2, 6] and [5/2,5] . The actual calculation is done by symbolic manipulation program Mathematica.
In this case Ψ = |j, m t j m . The action is f [1, 3] 
First, let us consider the case where k → ∞ and J = fixed. In this case it has been shown [18] that the structure of fuzzy spheres appears as follows. The spectrum of primary operator is 
and [29] (
Then the terms in the action are realized as follows.
Hence, f [1, 3] 
Note that the form appearing in the trace is the same as the tachyon potential in level (0,0).
Solutions of the equation of motion −t + K 3 t 2 = 0 for this action can be constructed by introducing projection operators as in [30] :
and λ is the nontrivial solution of −λ + K 3 λ 2 = 0 i.e. λ = K −3 . P 2 = P and trP = 2J + 1 − n means that if we diagonalize P then 2J + 1 − n eigenvalues are 1 and n eigenvalues are 0 and therefore we can interpret this solution as T [1, 3] n . The energy of this solution is
In this case f (T n ) = −
2J+1
(2J + 1 − n), and R
In the following we look for the sequences of solutions R [1, 3] n of which at k → ∞ is 0.684616.
level [1,3], J = 1/2
In this case we can easily calculate the action without dropping J 3 0 = 0 components: f [1, 3] 
We can easily solve the equations of motion and we find two solutions. One solution corresponds to the closed string vacuum, in which the components corresponding to nontrivial primary operators and their descendants vanishes. The other solution is
which is correspond to T
is shown in fig.1 . The value for k → ∞ is 0.684616, which agrees with the value expected above. The minimum is 0.554151 at k = 3.
By SU(2) rotation, we can put t
is not dependent on φ, and its profile is shown in fig.2 . Here we choose t 
, and referring to (48).) It seems that this solution is not well localized.
But this is not a problem since the radius of S 2 on which the D2-brane is wrapped is ∼ √ k sin 2πJ k and this has the maximum 2 √ J at k = 8J. This is sufficiently small for small J.
Therefore the worldvolume of the D2-brane itself is very small. At any rate we cannot construct well localized configuration by using only
cos θ and
sin θe ±iθ .
If we choose the sign of t 1 0 negative, the profile is given by T (π−θ). These two configurations seem to represent D0-branes at θ = 0 and π.
3.3 level [1, 3] , J = 1
In this case we put J 3 0 = 0 components zero. Then f [1, 3] 
If k = 4, t 2 must be put zero since the dimension of Φ m 2 is 1. In the case with k = 4, we can reduce the equations of motion to quadratic equations, and for k ≥ 6 we can find essentially two solutions which have R is 0.623983 at k = 7 and 0.409721 at k = 6 respectively.
level [2,6]
In this case, we can put Ψ = |j, m t 
This term vanishes in our case since (T In this case we cannot expect any improvement at k → ∞ comparing with the results of level [1, 3] . The reason is as follows. The linear term in u aj m is
and at k → ∞ the most dominant quadratic term in u aj m is given from the last term of eq.(42): We give the values obtained in level [1, 3] 
level [5/2,5]
We do not write the full expression of the action because it is not illuminating. Similarly to the case of level [1, 3] , we can estimate the value of R at k → ∞. We rescale the fields as follows so that the most dominant terms in the action give finite contribution.
Then we collect the terms which are finite in the limit k → ∞ and they can be represented by matrices as has been explained in the previous section. The remaining terms are in fact obtained by considering only the second terms of the commutation relation (3), which is in the same form as that of flat CFT oscillators. Therefore if we put all the components of the string field proportional to a projection operators P , the action is equal to
2J+1
V trP , where V is the tachyon potential in level (2, 4) . V is given in [5] 
k → ∞, J = fixed
We saw in the previous discussion that in the case of J =fixed and k → ∞, the components of the string field form (2J + 1) × (2J + 1) matrices and the solutions can be constructed by introducing projection operators. The accuracy of the mass of these solution is the same as that of the closed string vacuum. This is true for arbitrary levels. Indeed, the commutation relation is in the same form as that of the flat CFT oscillators in the limit k → ∞, and 
Summary and discussions
We have constructed lump solutions of D-branes on SU(2) group manifold by level truncation approximation. Their energy agree with the expected values with good accuracy. It is expected that the accuracy is improved if we include higher level terms. We have considered the cases
, 1. It is desirable to consider the cases with larger J, though the calculation is more cumbersome because the number of primary operators increases. We have seen that in the limit k → ∞, J = fixed, the string field can be expressed by matrices, and by taking them to be proportional to a projection matrix the action is written as the tachyon potential times the trace of the projection matrix. This case can also be treated by effective action [20] , but our method can be used for investigating the case with small k.
The results show the tendency that the accuracy is improved as k increases. One of the reason for this fact is that the dimension of the primary operators decrease and more operators must be included for fixed truncation level. Though for small k we do not always obtain very high accuracy as that of k → ∞, there seems to be large improvement as we include more terms with higher level. In the case of k = 4, J = 1 we cannot find the solution corresponding to T 2 . It is expected that we can find the solution if we add higher level terms, as in the case of k = 5.
At present it is not clear in what sense the level truncation is an approximation. Our results seem to show it is a meaningful approximation in our case.
It is interesting to consider lump solutions of D-branes on SU(2) group manifold by BSFT.
Since the background is curved, it seems to be difficult to obtain exact results as in the case of flat background. One of the difficulty is that we must consider too many operators for satisfying the equations of motion in contrast to the case of flat background, where we can consider only the tachyon field up to quadratic order in coordinates. For the large k case see [32] .
Recently the solutions corresponding to D-branes on arbitrary CFT background in vacuum CSFT are constructed in [11] . If the relation between vacuum CSFT and ordinary CSFT becomes clear, we can relate them to our solutions and they must agree.
We have considered the tachyon condensation. But our method can also be applicable to the gluon condensation, by which the opposite phenomena to ours happen i.e. many D0-branes form D2-branes [19] . It is interesting to investigate it by our method.
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A Quantum 6j-symbol
The symbol c j 3 j 1 ,j 2 (k, J) used in eq. (9) is defined as follows (e.g. [33] ).
where {·} is the quantum 6j-symbol and the sum z≥0 is only over those z such that the arguments of [ · ] are nonnegative.
[ · ] is defined as follows.
[n] = q n/2 − q −n/2
where q = exp(
), and
Note that the above expression of c j 3 j 1 ,j 2 (k, J) is totally symmetric under the permutations of (j 1 , j 2 , j 3 ) except the first line. If k → ∞, then [n] → n and the quantum 6j-symbol becomes ordinary 6j-symbol.
B Cubic terms
We collect the cubic terms in the action needed for the calculation. These results are applicable to WZW models for general group. We adopt the abbreviation like the last line of eq.(42). For example, 1, 
(B.12)
C The Action
In this appendix we collect the terms necessary for level [1, 3] , [2, 6] and [5/2,5] calculations.
S 0 consists of the terms which survive after we take the Siegel gauge condition. S 1 consists of the linear terms in t, u and u a , which are excluded by Siegel gauge condition. c
is the central charge of X × Y × M. (J = 1) (J = 1)
